The polarization state of a light beam is related to its spin angular momentum and can be represented on the Poincaré sphere. We propose a sphere for light beams in analogous orbital angular momentum states. Using the Poincaré-sphere equivalent, we interpret the rotational frequency shift for light beams with orbital angular momentum [Phys. Rev. Lett. 80, 3217 (1998) Light beams possess a spin angular momentum that is associated with their polarization state. It is less well known that light beams also possess an orbital angular momentum that is associated with their azimuthal phase structure. This orbital angular momentum is independent of the polarization state of the light and therefore independent of the spin. Both spin and orbital angular momentum have been experimentally transferred to matter, causing rotation.
Light beams possess a spin angular momentum that is associated with their polarization state. It is less well known that light beams also possess an orbital angular momentum that is associated with their azimuthal phase structure. This orbital angular momentum is independent of the polarization state of the light and therefore independent of the spin. Both spin and orbital angular momentum have been experimentally transferred to matter, causing rotation. 1 -3 Right-and left-handed circularly polarized light, the spin eigenstates, have a spin angular momentum of 1h and 2h per photon, respectively. In 1992, Allen et al. found that Laguerre -Gaussian modes, which have an azimuthal phase term of exp͑ilf͒, are orbital angular momentum eigenstates and carry an orbital angular momentum of lh per photon. 4 Laguerre -Gaussian modes are denoted LG p l , where l and p are the azimuthal and the radial mode indices, respectively. The quantity N 2p 1 jlj is referred to as the order of the mode. 5 The polarization state of a monochromatic light beam can be completely characterized in terms of the Stokes parameters
where I 0 ±, I 45 ±, I 90 ±, and I 135 ± are the intensities of the light recorded through various orientations of linear polarizers and I right and I left are the intensities of the circularly polarized components in the beam. For a completely polarized light beam the squares of the Stokes parameters add up to unity, i.e.,
Consequently, the Stokes parameters are the Cartesian coordinates of a space in which any completely polarized light beam is represented by a point on a sphere with unit radius around the origin. This sphere is known as the Poincaré sphere [ Fig. 1(a) ] and has proved to be a useful tool in dealing with transformations of the polarization state. 6 The north and south poles of the Poincaré sphere represent the spin eigenstates, left-and right-handed circularly polarized light, respectively. Any state of complete polarization, and therefore any point on the Poincaré sphere, can be described as a superposition of left-and right-handed circular polarizations. For example, linearly polarized light is a superposition of equal intensities of left-and right-handed circularly polarized light; the relative phase of the superposition determines the orientation of the linear polarization.
We construct an analogous sphere for superpositions of left-and right-handed Laguerre -Gaussian modes with azimuthal phase terms of exp͑6if͒, respectively, which are orbital angular momentum eigenstates. These Laguerre -Gaussian modes ( Fig. 2 ) are denoted LG 0 11 and LG 0 21 and possess an orbital angular momentum of 1h and 2h per photon, respectively. Their superpositions form structurally stable beams (modes) of mode order 7 N 1. Therefore, as every point on the Poincaré-sphere analog corresponds to a mode of order 1, and also every mode of order 1 corresponds to a point on the Poincaré-sphere analog, we refer to this sphere as the sphere of first-order modes. For example, a superposition of equal intensities of leftand right-handed Laguerre -Gaussian modes forms a Hermite -Gaussian mode with indices m 1 and n 0, denoted HG 1, 0 , which is of order 5 N m 1 n 1. The relative phase of the superposition determines the orientation of the mode.
In analogy to the Stokes parameters, we def ine a set of parameters, o 1 , o 2 , o 3 , for the newly proposed sphere:
where I HG Writing all the intensities as the square of the moduli of the corresponding mode functions, and expanding all the mode functions in terms of Laguerre -Gaussian l 61, p 0 mode functions, 5 we can show that
Starting with left-handed circularly polarized light, a quarter-wave plate transforms the light to a linear polarization at 45
± to the axis of the wave plate. On the Poincaré sphere, this transformation is represented by a move from the north pole to a point on the equator, the longitude of which depends on the orientation of the linear polarization. 8 Rotation of the wave plate through an angle a advances the longitude of the transformation by an angle 2a. Similarly, a half-wave plate transforms from left-handed to righthanded circular polarization. This transformation is presented by a move from pole to pole along a great circle, the longitude of which depends on the rotation angle of the wave plate. 8 This dependence on the rotation angle can be demonstrated if we consider the half-wave plate as two identical quarter-wave plates: As before, the state after the first wave plate is represented on the equator, and its longitude depends on the rotational alignment of the fast axis of the wave plate. Rotation of the wave plate through an angle a advances the longitude of the trajectory taken during the transformation by 2a.
In a fashion similar to that for a birefringent wave plate, which controls the relative phase between two linear polarizations at 90 ± to each other, the relative phase of two Hermite-Gaussian m 1, n 0 modes at 90 ± to each other (Fig. 3) can be controlled by an arrangement of cylindrical lenses. Beijersbergen et al. 5 detailed the design and operation of cylindrical-lens mode converters that utilize changes in relative Gouy phase to transform HermiteGaussian modes into Laguerre -Gaussian modes and vice versa. Both p converters and p͞2 converters exist that perform tasks analogous to those performed by half-wave and quarter-wave plates, respectively. One may best appreciate the analogy by considering both the wave plates and the cylindrical lenses as means of introducing phase shifts between two orthogonal components of the beam.
In 1979 Garetz and Arnold 9 demonstrated that when circularly polarized light is transmitted through a rotating half-wave plate a frequency shift results. The shift is equal to twice the rotation frequency of the wave plate. Although the shift can be simply explained by Jones matrix polarization analysis, a similar experiment was also performed and explained in terms of a dynamic geometric (or Berry) phase by Simon et al. 8 In their experiment a combination of wave plates was used to transform the polarization state of the light around a closed loop on the Poincaré sphere. The resulting geometric phase shift was equal to half the solid angle enclosed by the loop and, in addition, to the constant phase shift that was due to the optical thickness of the components. Uniform rotation of one of the wave plates gave a constant rate of change of the enclosed solid angle, resulting in a frequency shift of the light beam.
Recently a similar experiment was performed with light beams containing orbital angular momentum. 10 When it is transmitted through a rotating p converter, the frequency of a LG 0 61 mode is shifted by twice the rotation frequency of the p converter. The mode transformation in the p converter can be interpreted as a geometric phase effect 7 ; we interpret the frequency shift that occurs with transmission of the mode through a rotating p converter as evolution of this geometric phase in time. Figure 4 illustrates the equivalence of the geometric phase shift for light beams containing either spin or orbital angular momentum after transmission through two half-wave plates or two p converters, respectively. In both cases the geometric phase shift is equal to half the solid angle enclosed by the loop on the surfaces of the respective spheres. Therefore, for a change in the angular orientation between the two optical components of a, the resulting geometric phase shift is 2a. Thus, in both cases, the frequency of the light beam is shifted by twice the rotation frequency of the optical component.
We have proposed a Poincaré-sphere equivalent for light beams containing orbital angular momentum, called the sphere of first-order modes. On this sphere cylindrical-lens mode converters perform transformations analogous to those performed by wave plates on the Poincaré sphere. For the geometric phase accompanying transformations of first-order modes, the sphere of first-order modes is what the Poincaré sphere is for the geometric phase accompanying transformations of the polarization state.
